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Abstract 

Assuming the Lusztig conjecture on the irreducible characters for reductive algebraic groups in 
positive characteristic p, which is now a theorem for large p, we show that the modules for their 
Frobenius kernels induced from the simple modules of p-regular highest weights for their parabolic 
subgroups are rigid and determine their Loewy series. 



Let G be a reductive algebraic group over an algebraically closed field k of positive 
characteristic p, P a. parabolic subgroup of G, T a maximal torus of P, and Gi (resp. 
Pi) the Frobenius kernel of G (resp. P). In this paper we study the structure of GiT- 
modules induced from the simple PiT-modules of p-regular highest weights. Thus our 
study goes parallel to parabolically induced Verma modules in characteristic 0. In case 
P is a Borel subgroup of G, assuming Lusztig's conjecture for the irreducible characters 
for GiT, which is now a theorem for large p thanks to |AJSj . |KLj . |L94j . |KTj . or more 
^ i recently to |F], H. H. Andersen and the second author of the present paper showed that 

I the induced modules are rigid and determined their Loewy series |AKj . We now show 

that the parabolically induced modules are also rigid and describe their Loewy series. 

To go into more details, let P be a Borel subgroup of P containing T, A the character 
group of P, P C A the root system of G relative to T, and the positive system of 
R such that the roots of P are — P"*". We let P* denote the set of simple roots, and / a 
subset of P"* such that the root subgroups Ua of G associated to a G / generate P together 
with P. Denote by Vp the induction functor from the category of PiT-modules to the 
category of GiT- modules, and let L^{\) denote the simple PiT-module of highest weight 
A G A. Our object of study is Vp{L^{\)). After stating some generalities in §§1 and 2, 
we specialize into the case where A is p-regular, i.e., if is the coroot of each root a and 
aeR+ ^^^^ when p /(A + p, a^) for all roots a. If M is a finite dimensional 

GiT-module, we call the sum of its simple submodules the socle of M and denote it by 
socM = soc^M. If vr : M M/socM is the quotient, we let soc^M = 7r"^soc(M/socM), 
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and repeat to construct a filtration < socM < soc^M < ■ ■ ■ < M, called the socle 
series of M. Dually, we call the intersection of all its maximal submodules the radical 
of M and denote it by radM = rad^M. Letting rad*M = rad(rad'"^M) for i > 1, 
one obtains a filtration M > radM > rad^M > ■ ■ ■ > 0, called the radical series of 
M. It is known that the minimal i such that soc*M = M and the minimal j such that 
rad-'M = coincide, called the Loewy length of M and denoted ii{M). By definition each 
soCjM = soc*M/soc*-^M, called the i-th socle layer of M, and rad^M = rad'M/rad^+^M, 
called the i-th radical layer of M, are semisimple. Any filtration < < < ■ ■ ■ < M 
with each subquotient semisimple has the length at least ii{M). If the length of the 
filtration such a filtration M* is ii{M), then soc^M > M * > rad"(*^^~*+^M for each i. 
We say M is rigid iff the socle series and the radical series of M coincide. In §3 we 
employ graded representation theory from [AJSj to show that the induction functor Vp is 
Z-graded. Each block of finite dimensional GiT-modules is equivalent to the category of 
pZi?-graded finite dimensional modules over the endomorphism k-algebra ii^ of a projective 
pZi?-generator of the block. Assuming Lusztig's conjecture for the irreducible characters 
for GiT, Andersen, Jantzen and Soergel [AJSj showed that the algebra E for a p-regular 
block is {pZR X Z)-graded and is Koszul with respect to its Z-gradation. We show in §4 
that the rigidity of Vp(I/^(A)) for p-regular A follows from a result in |BGS] . Unlike the 
case P = B the number of GiT-composition factors of Vp(I/^(A)) varies depending on the 
highest weight A. Nonetheless, we show also in §4 that the Loewy length of V p{L^ {X)) 
is uniformly 1{wqWi) + 1 with wq (resp. Wi) the longest element of the Weyl group W 
(resp. Wi) of G (resp. P). In §5 we determine the Loewy series of Vp(L^(A)). 

Given a category C and its objects X and y, C(X, Y) will denote the set of morphisms 
in C from X to Y . 

The second author of the paper is grateful to Arun Ram and the University of Mel- 
bourne for the hospitality during his visit in August of 2011, where some of initial ideas 
of the present work were conceived. We also thank Peter Fiebig for a helpful discussion. 

1° Some generalities 

Let G be a reductive algebraic group over an algebraically field k of positive charac- 
teristic p, B a. Borel subgroup of G, T a maximal torus of B, A the character group of B, 
R <Z A the root system of G relative to T, and R'^ the positive system of R such that the 
roots of B are — i?"*". We let i?'^ C -R"*" denote the set of simple roots, and A"*" the set of 
dominant weights of A. For each a G i? we let denote the coroot of a. Let W be the 
Weyl group of G generated by the reflections Sq,, a G -R, and i the length function on W 
with respect to the simple reflections. Let Wq be the longest element of W. 

For each a G -R let Ua denote the root subgroup of G associated to a. Let I C R'^ 
and P = Pi = {B, ?7q, | a G /) the standard parabolic subgroup of G associated to J, 
and let Lj denote its standard Levi subgroup. Let Rj <^ R denote the root system of 
L[ with its induced positive system R'j'. Put Ap = {A G A | (A,a^) = Va G /} and 
A| = {A G A I (A, a^) > Va G /}. Let Wj be the Weyl group of P and wi its longest 
element. Put = WqWi. Let p = | ^aeR+ ^ ^^'^ Pp = \ J2aeR+\R+ « ^ A (g)^ Q. For 
simplicity we will assume G is semisimple and simply connected. Let Wp = W k pZR, 
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W^/,p = Wi K pLRi^ and pi = \ Ylia&R+ = P ~ Pp- For ^ ^ we will write x • A for 
x{\ + p) ~ p. In case x G W/,p, x • X = x{\ + pj) — p/. We will also let (— x) • A stand for 
— (x • A) — 2p = — x(A + p) — p. 

(1.1) Let tto be the highest short root of R and let h = (p, q;q) + 1 the Coxeter number of 
G. 

Lemma: 2pp = wip + p = wo{w^ •O) E Ap n A+ with (2pp, a^) G [2, /i] \faeR''\ I. 
Proof: One has 

wo{w^ •O) = wo{woWip - p) = wip + p = p + wi^{ ^ f3+^f3) 

= E /5+E/5) + ^( E /5-E/5)= E /5 = 2pp- 

I3£R+\R+ I3&R+ I3€R+\R+ l3eR+ I3€R+\R+ 

If a G /, {2pp,Q^) = {wip + p,Q^) = {p,wia^) + 1 = 0, and hence 2pp G Ap. If 
aeR'\I, (2pp, a^) = {wip + p, a^) = (p, w/a^) + 1 < (p, a^) + 1 = /i. 

(1.2) If if < ii' are closed subgroups of G, we let ind^ denote the induction functor from 
the category ifMod of rational if-modules to the category i^Mod of rational i^-modules: 
if M G iiMod, indfM = {/ G Schk(K,M) | f{kh) = h-^f{k) Wk G KWh G H}. 
We let Dist(if) (resp. Dist(i^)) denote the algebra of distributions on H (resp. K) 
and let coind^ = Dist(i^)®Dist(_H")? denote the coinduction functor from Dist(if)Mod to 
Dist(i^')Mod. For a finite dimensional if- module M we will mean by M* the k-linear 
dual of M. By ® we will always mean ®ik unless otherwise specified. Let Hi denote the 
Frobenius kernel of H. 

If M is a P- module, coindp^^M extends to a GiP-module with P acting on Dist(Gi) and 
Dist(Pi) by the adjoint action and as given on M, in which case we will write coindp^'^M 
for coindpW |Jl 1.8.20]. Let Ru(P) denote the unipotent radical of P. 

Proposition (cf. [J, II.3.5]): Let M G PMod. 

(i) There is an isomorphism of GiP -modules indp^'^M ~ coindp^^(M ® 2(1 — p)pp). 
(a) If M is finite dimensional, there is an isomorphism of GiP -modules 
(ind^i^M)* ~ ind^^^(M* O 2{p - l)pp). 

Proof: Recall from [Jl 1.8.20] an isomorphism of GiP-modules 

(1) coind^^^M ~ ind^^^(M ® x\pixT^), 

(2) {indf^M)* ~ ind^^^(M* ® x\p{xT^) if dimM < oo, 

where x (resp. x') is a 1-dimensional representation of G (resp. P) through which G 
(resp. P) acts on Dist(Gi)f^ = {p G Dist(Gi)|p£(x)p = p Vx G Gi} (resp. Dist(Pi)f^ = 
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{fi G Dist{Pi)\pe{x)fi = /i Vx G -Pi}), where p£ denotes the left regular action. As x is 
trivial by [J, II.3.4/1.9.7], (1) and (2) read, resp., 

(3) coind^^^M ~ ind^^^(M ® (xT^), 

(4) (ind^^^M)* ~ ind^^^(M* ® (x')"')- 

Recall from [J], 1.9.7] that x' is given by (7 i— )■ det{Ad{g)y~^, g E P. In particular, 
x' factors through P/Ru(P), and is trivial on the derived subgroup of Lj. To compute 
x', therefore, we have only to consider the adjoint representation of T on Lie(P) = 
Lie(T) © 0^e^+ Lie([/_^) © 0^^^+ Lie(f/„). Thus for each t G T 

det(Ad(t)) = (5^ 5^ a)(t) = {-(5^ /3- 5^ a)}(t) = (- 

= (-2pp)(t). 

It follows that x' = ip ~ 2pp), and hence the assertions. 

G T m G m 

(1.3) Likewise, write coindp^^^^M for the GiT-module coindp^^M in case M is a PiT- 
module. 

Proposition: Let M G PiTMod. 

(i) There is an isomorphism of GiT -modules indp^^^M ~ coindp^^;^(M © 2(1 — p)pp). 

(ii) If M is finite dimensional, there is an isomorphism of GiT -modules 

(lYiffpllM)* ~ indg^^(M* © 2(p - l)pp). 

(1.4) If L is a simple P-module, the P-action on L factors through P/Ru(P), affording a 
simple L/-module of highest weight belonging to A^. For each A G A"*" (resp. A G A]^), 
we let L{X) (resp. L^(A)) denote the simple G- (resp. P-) module of highest weight A. 
Likewise for simple PiT-modules. For each A G A we let L{\) (resp. L^{X)) denote the 
simple GiT- (resp. PiT-) module of highest weight A. Let Ap = {A G A | (A, a^) G 
[0,p[ Va G P*}. Each A G A admits a decomposition A = A° + pA^ with A'' G Ap and 
A^ G A. Thus L^(A) ~ L^(A°) © pA^ if A° = A? + Af with Af G Ap, then L^(A) ~ 
L^(A?) © (AJ + pAi) ~ L^(A°) ©pA^ In particular, 

(1) {indg^^(L^(A))}* ~ indg^^(L^((-u;,) . A))) ©p(2pp + w^X^ - A^) 

with 2pp + wiX^ - A^ G ZP. 

If if is a closed subgroup of G and if M is an if-module, we let soc^M (resp. rad/^-M) 
denote the socle (resp. the radical) of M, and put hd//M = M/(radj:fM). 

Proposition: For eac/i A G A 
socG,Tindg^^(L^(A))=L(A), 

hdG,Tindg^^(L^(A)) = Li-wiX"^ - pX' + 2(p - l)pp)* 

= L{w^ .A) © p(A^ - 2pp - wiX^ + wo{{-wi) • A)^ - ((-w/) • A)^)). 
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Proof: For each A e A we have socpjT(ind^^^A) ~ socpjT(ind|^^^^|p^^^^^^^A) = L^{\)- 
Then 

indg^L^(A) < indgi^indg^(A) ~ indg^A. 
It follows that socGiT(mdg^L^(A)) = {indg^L^(A)} n socGir(indg^^) = L(A). Then 

hdG,T(mdg^L^(A)) {socG,T((indg^L^(A))*)}* 

- {socG,T(mdg?(^''(A)* ® 2{p - l)pp))}* by (1.2.ii). 

Now L^(A)* = (L^(AO) ® pX^y = L^(AO)* (g) -pA^ = L^(-^/;/A°) (g) -pA^ = L^(-^/;/A° - 
pA^). Also Vz/ G A 

L^(i/) 2(p - l)pp < (indg^'^) ® 2(p - l)pp 

~ ind^^^{u (g) 2(p — 1)pp) by the tensor identity, 

and hence 

L^(i/) (g) 2(p - 1)pp < socpirindg^(i^ ® 2(p - l)pp) = L^{u (g) 2(p - l)pp). 
It follows that 

hdG,T(indg^L^(A)) ~ {socG,T(indg?(L^(-^^;,A° - pX' + 2(p - 1)pp)))}* 
= L(-w/A° - pA^ + 2(p - l)pp)*. 

Finally, 

-wiX'^-pX^ + 2(p - l)pp = -wiX"^ - pA' + (p - l)(wip + p) by (1.1) 

= —wi{X^ + p) — p + p{wip + p - A^) = {—wi) • A + p(w7A^ + wip + p — X^) 
— {—wj) • A + p(w/A'^ + 2pp — A"^) by (1.1) again. 

Thus 

L{-wiX'' - pX^ + 2(p - l)pp)* = {L{{-wi) • A + p{wiX^ + 2pp - A^))}* 

= L{-wo{{-wi) • A)) p{~wiX^ - 2pp + X^ + wo{{-wi) • A)^ - ((-w/) • A)^} 
with —wo{{—wi) • X) — —Wo{—wi{X + p) — p) — WoWi{X + p) — p — WqWi • X — • X. 
(1.5) Corollary: Let A e A. 

(i) hdp^rLiX) = L^iX) while socp^tHX) = L^{wiWoX" + pX^). 

(ii) IfXe A+, hdpL(A) = L^(A) while socpL(A) = L^^wiWoX). 

Proof: (i) For each i/ e A 

PiTMod{L{X),L^{v)) ~ G'irMod(L(A),indg^L^(i/)) 

= 5A.k by (1.4). 

It follows that hdp,T^(A) = ^^(A). Then 

socp,tI'(A) ~ {hdp,T(^(A)*)}* = {hdp,T^(-woA° -pA^)}* = L^(-woA° -pA^)* 
= {L^(-woA°) -pA^}* ~ L^{wiWoX^) pA^ = L^{wiWqX^ + pA^). 
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(ii) For each /i G Af 

PMod(L(A),L^(/i)) ~ GMod(L(A),ind^L^(/i)) < GMod(L(A), md^ind£(^)) 

~ G'Mod(L(A),indg(/i)) = ^A^k- 

It follows that hdpL(A) = L^(A). Then 

socpL(A) ~ {hdp(L(A)*)}* = {hdpL(-woA)}* = L^(-woA)* = L^K^qA). 

(1.6) Let be a closed subgroup of G and (p an automorphism of H. If M is an iY-module, 
by '^M we will mean an if-module of ambient k-linear space M with the if-action twisted 
by [Jl 1.2.15/3.5]: \lh & H \lm e M, the action oi h owm in '^M is given by (j)~^{h)'m. 
In particular, under the conjugate action of W on T, Ww G and VA G A, 

(1) '"A = wX. 

If is a closed subgroup of H and is a i^-module, there is an isomorphism of 
"'iZ-modules [U 1.3.5.4] 

(2) "indf (V^) ^ ind:f ("-y). 

Throughout the rest of the paper we will abbreviate indp^^^^ (resp. ind^^^^. ) as Vp 
(resp. V'^). More generally, for w G let = wPw~^ and put V»p = ind^^^^^,, 

V = ind^^^j^j,. Let also = ind^J^^^^; we will abbreviate Ve as V. For each A G A 
and w G we will write X{w) for A + (p — l)(w • 0) after [A JSj . Then 

(3) -Vp(L^(A)) ^ V™pC"L^(A)) by (2) 

< V™prV^(A)) 

~ V»p(V:^C"A)) by (2) again 

~V^(u;A) by(l) 

= Vyjiw • A - w • 0) ~ Vyjiw • A + (p - l)(w • 0)) (g) -p{w • 0) 
= V^((m; • X){w)) ® -p{w • 0). 

(1.7) Put A = coind^+"^. Let r be the Chevalley antiinvolution of G such that t\t = idy 

[Jl II. 1.16], and hence T{Ua) = f/-a for each a G R. If if is a subgroup of G and if M is 
a finite dimensional if-module, let M"^ be the r(if)-module with the ambient space M* 
and the r(ii)-action twisted by r: Wx G t{H), V/ G M*, Vm G M, [xf){m) = f{T{x)m). 
Recall from (Jl II. 9. 3. 5] that there is a functorial isomorphism (?'^) o V ^ A o (7"^) on the 
category of finite dimensional i?iT-modules. More generally, put = rB, P+ = tP = 

f/_«|a G /) and let Ap = coind^;^^. If M is a finite dimensional PiT-module, there 

^1 

is an isomorphism of GiT-modules 

(1) (Vp(M))^~ Ap(MO. 
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Let Ui{wi) = Y[i3eR+\Ri ^^'1 Frobenius kernel of the unipotent radical of P^. If 

Visa GiT-module, let V^^^""'^ = {v e V\xv = v^x e U^{wi)}. If M is a 5iT-module, as 
Gi = U+iwi)Pi, V{Mfti-^i) = {Schk(GiT, M)^i^}^i^("'^) = Schk(PiT, M)^i^maintains 
a structure of PiT-module such that 

(2) V(M)^i^("'^) = V^(M). 

Recall also that each V(A), A G A, is project ive/injective as i?j'"T-module [Jj 11.9.5]. As 
Ui{wi) is a normal subgroup of Bf, U^{wi) is exact in ^ 1.6.5.2], and hence V(A) 
remains injective/projective as {wi)-mod\i\e. 



2° Translation functors 



For A, /i G A let denote the translation functor on the GiT- modules. If M is a 
L/^iT-module, we say M belongs to A iff all the L/^iT-composition factors of M are have 
highest weights belonging to Wi^p • A. We let ^ denote the translation functor on the 
L/^iT-modules. 

For each a & R and n G Z let n = {f G A ®i M | {v + p, a^) = pn}. We call a 
connected component of A (g)^ K \ UaeR,n€zHa,n an alcove. If F C A (g)^ R, F will denote 
the closure of F in A ®z I^- We say A G A is p-regular iff A lies in an alcove. If x G Wp 
and A is an alcove, we will write xA to mean x • A. 

(2.1) Lemma: Let r] E A and E a simple G-module of extremal weight rj. If wf] G A^, 
w G Wj, and if a E I, then wrj + a is not a weight of E. 

Proof: Let x E W with xt] G A+, and put u = xt], v' = wrj. Let J = {/3 G / | (z/', /J"^) = 
0}, Wj = {s,3 \ P e J), W-^ = {y e W \ yf3 > \/f3 e J}, and write xw'^ = yiy2 with 
yi G W"^ , y2 G Wj. Just suppose wrj + a is a weight of E. Then z/ + yia = yiiy' + a) 
would also be a weight of E. As z/ is the highest weight of F, yia < 0, and hence a ^ J. 
Then < {u',a^) = {yiu' ,yia^) = {u,yia^)^ and hence yia > 0, absurd. 

(2.2) Proposition: Let A,/i G A with fi lying in the closure of the facet A belongs to 
with respect to Wp. Regarding an Lj^iT -module as a PiT -module through the quotient 
P — i- P/Ru(P), there is a functorial isomorphism of GiT -modules on the category of 
LjiT-modules 

T^Vp(?) ^ VpiTl,?). 

Proof: Let M be an L/ iT-module belonging to the A-block, and F a simple G-module 
of extremal weight fi — X. Let pr^ (resp. pr^^^) be the projection to the /x-block of GiT- 

(resp. L/,iT-) modules. Thus T^Vp(M) = pr^(F (g) Vp(M)). If w{fi - A) G A+ with 
w G Wi and f G F \ is of weight w{fi — A), then Dist(L7)v is by (2.1) an Lj-module of 
highest weight w{n - A). If we put F' = Dist(L/)w, T^^M = pr^^(F' O M) [H Remark 
II.7.6.1]. Thus 

T^Vp(M) = pr^(F ® Vp(M)) ~ pr^(Vp(F ® M)) 

> pr^(Vp(F' ® M)) > Vp(pr,,^(F' ® M)) = Vp(T^,,(M)). 
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As it becomes an isomorphism for M — V^(x • A) and x e Wi^p, the isomorphism for 
general M follows using the five lemma. 

(2.3) Corollciry: Let A, /i e A. Assume that /i lies in the closure of the facet A belongs to 
with respect to Wp. Let Fj be the facette A belongs to with respect to Wj^p and let Fj be 
its upper closure with respect to Wj^p. Then 

I else, 
in the first case of which one has a commutative diagram of GiT -modules 

T^V(A) >V(/i) 



T^Vp(L^(A)) ^^Vp(L^ (/.)). 

(2.4) For a G R and n G Z let Sa,n denote the reflection in the wall i?a,n- 

Proposition: Let A, // e A with A lying in an alcove A and /i & A. Assume {x e 
Wp\x • iJ, — /i} = {e,Sa,n} for some a G i?/ and n e Z. If M is an Lj iT-module 
belonging to /i, there is an isomorphism of GiT -modules 

TjVp(M) Vp{Tl^M), 
regarding M and T^\^M as PiT -modules via the quotient P P/Ru(P). 

Proof: Arguing as in (2.2) yields T^Vp(M) > Vp(T]^^M). On the other hand, if 
M — V^{x • fi) for some x e Wj^p, 

chTjVp(V^(x • n)) = chTjV(x • n) ^ ch V(x • A) + ch V(xSa,n • A) 

while 

ch Vp(T^^^V^(a; • /x)) = ch Vp(V^(a; • /x)) + ch Vp(V^(a;s„,„ • A)) as s«,„ e Wj^p 

= ch V(a; • A) + ch V(a;Sa,n • A). 
By additivity the character equality holds for general M, and hence the assertion. 

(2.5) Corollciry: Let A,// e A and keep the assumptions on A and /i from (2.4)- 

(i) T^Vp(L^(//)) admits a GiT -filtration whose subquotients are V p{L^{x • X)), x e 
Wi^p, with multiplicity G N such that chTj^L^(//) = "^xeWj p mxChL^lx • A). 

(ii) IfX< Sa,n • A, then socGiTT^Vp(L^(Ai)) = L{X). 

Proof: For (i) argue as in (2.2). As Vp(-L^(/i)) < V(//), (ii) follows from the fact that 
socGirT^V(//) = L(A). 



3° Grading the induction functor 



In this section we employ graded representation theory from [AJSj to show that our 
induction functor Vp can be graded on p-regular blocks. To facilitate reference to |A JS] . 
we will adapt to their notations except for k = k, A = X , and L = L^. 

Let be the symmetric algebra on Zi? (8>z k over k and St its completion along the 
maximal ideal m generated by R. We will denote each a E Rin S^hj after |AJSl 14.3]. 
Fix a p-regular weight A"*" belonging to the bottom dominant alcove, and put fl = Wp»X'^, 
Y = pZR. For all the unexplained notations we refer to [AJSj . 

(3.1) Let us first recall [AJSl §18] to suit our objectives. The category of finite dimensional 
GiT- modules belonging to the block Q may be identified with Ck(fi) from |AJSj . For 
each A e f2 let QkW be the projective cover and the injective hull of L{X) in Ck{Q). If 
Q = ®wew Qk{wX'^), Q is a projective F-generator of Ct{^) [AJSl E.3]. Thus, if En^t = 
Ck(fi)«(Q, Q)°P = {©^gy Ck(fi)(Q[7], Q)}°P with Q[7] = ©^ Qk(w;«A++7), it is equipped 
with a structure of finite dimensional F-graded k-algebra. Denoting the category of Y- 
graded i^Q^k-modules of finite type by EQ^modgry, the functor Hq^j^ = Ck{flY{Q,7) = 
©^gy Ciij:(n)((5[7], ?) gives an equivalence of categories from Cik(i^) to _En,kniodgry with 
quasi- inverse v = Q®^;^^? [AJSj E.4]. 

Let C{Q,Sk) denote the deformation category over of Cit(O). If S't) is its 
full subcategory consisting of the objects that are free over Sk, there is a fully faithfull 
functor Vq from St) to the combinatorial category ]C{fl, Sk) |AJSl 9.4]. Each Qk{X) 
lifts to a projective object Qg^{\) of C{Q,Sk), and VnQs^{X) admits a graded S't-form 
Q(A) in the graded combinatorial category ]C{fl,Sk). \i V = ©^„gvF • A"*") and if 
= )C{Q, SkY(V,V), then Eq is a (y x Z)-graded S't-algebra of finite type and there 
is an isomorphism of F-graded k-algebras Eq ^ — -^n.k- Thus Eq^^ comes equipped 
with a structure of finite dimensional (Y x Z)-graded k-algebra. We denote by Ck(f2) 
the category of finite dimensional {Y x Z)-graded ii^Q^t-modules after [AJSt 18.18] and 
let V denote the functor from Ck(f2) to Ck{fl) composite of the forgetful functor from 
Ck(^) to En,kmodgry and v [Xjk 18.19]. Each Qk(A), Z^{X{w)), and L(A), X e Q, 
w G W, admits a graded object Qk(A), Z^{X), and I/k(A) in Ck(fi), respectively, such 
that vQk{X) ~ Qk(A), vZl^iX) ~ Z^{X{w)), and vLk{X) ~ Lk(A) in Ck{n) [ffl 18.8 and 
18.10]. 

(3.2) Fix Xf E Af nWp» A+ with {Xf + p,a^) < p E Rj. Let Vli = Wi^p • Xf 
and let Ct{fii) denote the category of finite dimensional L/ iT- modules belonging to the 
block Qj. Put Yj = pZI. For each z/ G A let Qi^k{i^) be the projective cover of L^ii') 
as Lj iT-module. If Qi = ©^^g^K^ Qi,k{w • A^ ), it is a projective Y/-generator of Ck{fii). 
Let Efij^k = Ck{^i)KQi,k,Qi,kT^- It is equipped with a structure of finite dimensional 
{Yj X Z)-graded k-algebra. Let Ck{^i) denote the category of (Y/ x Z)-graded Eq^^^- 
modules, and construct V i^k{X), Lj^tiX) E Ct{^i), X E fli, just like Vk(A), Lk{X) for 
G. 

Unless otherwise specified we will regard an L/ iT-module as a PiT-module via inflation 
along the quotient P — t- P/Ru(P) ~ Lj. 



9 



Lemma: There is afunctorial isomorphism from the category ofYj-graded Efij^t-modules 
of finite type to Ck{fi) 



Proof: Let M be a F/-graded -E^j-^t-module of finite type. As Q^Em^ and Ci^{il)^{Q, ?) 
are quasi-inverse to each other, Q ^En,^ Ctj^{^)^iQ, Vp(Q/)) k M ~ Vp{Qi) ^s^^ k M, 
which is isomorphic to ^p{Qi®Enj u ^) ^ isomorphic to Eqj^^. In general, apply the 
five lemma to a natural homomorphism of GiT-modules V p{Qi)^Enj — > V p{Qi®Enj k 
M). 

(3.3) We will show that the lemma above refines to a commutative diagram 



Ck(n)«(Q,Vp(Qi)_„, 

(1) C^i^i) -C,(fi) 

Li iTMod 



PiTMod ^ GiTMod 

in such a way that for each \ eVLj 

(2) Ck(n)tt(g, Vp{Qi)) ®En,^, V,,fc(A) ^ V,(A)(5(A) - 5,(A)), 

where 5 (resp. 6j) is the length function on Q (resp. fi/) |AJSl 17.1]. 

To justify the commutative diagram, we have only to show that Ck(fi)'*(Q, Vp(Q/)) is 
equipped with a structure of {Y x Z)-graded left E^^j^ and (Yj x Z)-graded right E^j^t^- 
bimodule. For that we first deform the functor Vp. Put Sj^k = ^^(Z/ ®z k) to be the 
symmetric algebra over k on ZJ k. We will write Aq (resp. Aj) for (resp. the 
completion of Sj^k with respect to the maximal ideal generated by ZJ (8>2 k). For each 
13 e R+ let = Ag[j^ \ a e R+\ {/?}], A% = Ag[^ \ a G R+], and for l3 e Rj put 

Af^j = Ai[j^ \ a e Rj \ {13}], A'^j = Ai[j^ \ a e Rj]. We will regard Aq as an ^/-algebra 
via inclusion Rj R; in case R has two lengths, if a component /' of / consists only 
of long roots, we take ha = daHa for each a G Rp with da for R instead of ha = Ha- 
Though this deviates from the convention in jAJSl 14.4/p. 11], it causes no difference to 
our application. Thus Aq is an A^-algebra, and for /3 G R~^ 



^ ^ A] ®Aj A% else. 



For a iyj,p-orbit in A define C(F/, A/), C(Fj, A^) for /3 G C(Fj, A^), C(F/, A%) for 
/3 G -R"*", J-'C(F/, A/), /C(F/, A/), /C(F7-, S'/,k) and Cik(F/) for L/ just as for G\ precisely these 
are defined first for the semisimple part of L/ and then extended to L/ in a natural way. For 
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z/ G A define likewise Zj^Aii^), ^i^Aji^) — a^^^) ^'-'^ P ^ ^^'^ ^i,Aii.^) — A^^i^) 
as well as Zi Aci^), ^/ a" ('^) ^ a"' (^)- 

Recall from (1.7) the parabolic subgroup P"*" = (i?"*", ?7_Q,|a G /). Let T be the Wp- 
orbit in A containing Tj. Regarding an object of J-'C{rj, Aj) as a Dist(P]^)-module by 
the quotient P+ ^ P+/Ru(P+), define a functor Vp,a, : TC{Ti,Ai) TC{T,Ag) via 

M ^ (Dist(Gi) ®Dist(P+) Ag ^ {Dist(Gi) ®Dist(P+) AgYY, 

which reduces to Vp by reduction to k. For each G F/ one has 

(3) wp,AAZiM^y)^ZAaiiyy. 

(3.4) Let Uiiwj) = Y[fseR+\Ri ^-P^ Frobenius kernel of the unipotent radical of 

P and Dist'''(f/i(w/)) the augmentation ideal of Dist([/i(w/)). Let F be an arbitrary 
PFp-orbit. For each M G C(F, Ac) put 

M„ = M/Dist+([/i(M;,))M ~ {Dist([/i(w;,))/Dist+(f/i(w;,))} ®Dist(c/,(»,)) M 

the module of Dist^(f/i(w/))-coinvariants of M. If M = ^^^.(z/), z/ G A, taking the r-dual 
of (1.7) yields an isomorphism in CiWj^p • z/, Ac) 

(1) ZAaii^)n ^ Zi^aA^) ®Aj Ag ~ Zi^Ag{.t^)- 

Let /3 G P/, z/ G F with /3 t z/ > z/, and put F/ = l^/^p • u. One has from |AJSl 8.6], 
as dp G by the standing hypothesis on p [AJSl 14.4], 

(2) E4(r,A§)(^l(^)'^i(/5 t ^)) ^ 4/^^74 ^ (A^jh/fA^r) 

^ ExtJ(^^^^,)(Z,^^, (z/), (/3 t ^)) by [XJSl 3.2]. 

Lemma: Assume P \ v > v. If Z'^^{(3 -f u) M Z'^^^u) is exact in 
C(F, Aq), applying ?„ to the sequence yields an exact sequence Q Z j {(3 ^; u) Mn — > 
Z^^/3(z/) — 7- with M projective in C{T,Aq) iff projective in C{Ti,Aq). Conversely, 
applying 'Disi{Gi)®Y)ist{p+)^ latter sequence recovers the former. Likewise, — > 

Zi^Aiil^ t ^) ^ M' — Zj^^^u) is an exact sequence in C(Tj, Aj) with M' projective, 
then applying Dist(G'i)(8>j~iig^(p+)? ®a! Aq yields an exact sequence — )■ Z'^^{f3 f z/) — )■ 
Dist(Gi) ®Dist(p+) ®Ai 4 Z^^{u) with Dist(Gi) ®Dist(p+) ^' ^ projective 
m C(F,AJ). 

Proof: Assume the sequence — )■ Z^J^fi -\ v) ^ M ^ Z^^{u) — )■ is exact. As ?„ ^ 
{Dist([/i(w;,))/Dist+(f/i(w;,))}®Di,t(c;,(^,))? and as Z^^(z/) ~ Dist(t/i) ~ Dist([/i(u;7)) ®k 
Dist((P n Li)i) is free over Dist{Ui{wi)), -> ^^g(/3 t '^)n ^ Mn ^ Z^^{u\, 
remains exact with Z^^{(5 '\ u)^ — Z^j^p (/3 v) and Z^^(z/)n ~ ^/ ('^)- 



11 



Recall from [AJSj 12.4] how each M is constructed. Let E Wj with G /. Let 

v]!!'^ G (u) of weight ^{wp) corresponding to the standard generator 1®1 of Z'^t {v(wp)) 

under the isomorphism (z/) = Zj^fi{ij) ~ Z^p{viwp)), and define fjf G Z^a{I3 '\ v) 

likewise. Write {1^ + p,(3^) ^ p — n mod p with n G [0,p[, and put = E^^^v^^Jj + Vu'^ G 
Zk{.I^ t z^) ©^i<'(z^) for each h G ^^^^^ with K = Frac(Ac<), so z^y is of weight i'{wp). Then 
M is of the form M7 (6) = Dist(G'i)f Jf^A^ + Dist(Gi)2^Ag living in (/3 ^v)® Zk{v), 
and the sequence reads v^^^ mapping to itself while z^, 1— )• Vv'^ ■ Now 

Dist(Gi) ~ Distf^t/i) ® Dist(^'3 5+) 

~ Disi('"f>Ui{wi)) ® DistC"''(5 n Li)i) ® Dist("''S5+) 
~ DistiUiiwi)) ® DistC"'3(5 n Li)i) ® Dist("''^5+) 

as -^U{wi) n.6ijni?. = n«eij+\iJ.^- = Thus (Dist(Gi).;Jf J„ ^ 

Dist("''3(5 n Li)i)v'"^^^, (Dist(G'i)2^)n ~ Dist(^'3(5 n Li)i)z^, and hence Mu%h)^ = 
Dist(L7,i)t;J^^^A^ + Dist(L/,i)2^Aj. It follows from jXJSl 8.7] that M7(&) is projec- 
tive in C(fi, AJ) iff Aj6 = Ag/i-V^S iff Mu^{b)n is projective in C(fi7, A^). Likewise the 
last assertion follows from (1). 

(3.5) We now transfer from J^C{Q, Aq) (resp. J^C{Qi, Aj)) to the combinatorial category 
/C(^7, Ac) (resp. /C(fi/, Aj)) via the fully faithful functor Vn (resp. Vq^^). Define a functor 
X : /C(fi/, Ai) -> /C(fi, Ag) as follows: for each M G }C{Qi, Aj) and A G i7 set 



(XA1)(A) 

and for each /3 G i?"*" set 



7W(A)®A, ifAGfi/ 

else, 



'Mix, 13) ^Aj if ^ e and /3 G i?| 

A^(A) if ^ e and /3 ^ Rf 



M{P t A) ^G if /3 t A G 1]/ and /3 ^ i?+ 
else. 



Let V{n,AG) (resp. P((]/,A/)) be the full subcategory of C(fi,AG) (resp. C(fi/,A/)) 
consisting of objects admitting a ^^ig,- (resp. 2'/^^^-) filtration. We want to show a 
functorial isomorphism Vn o Vp^^i^ :^ I o Vuj from 'D(r2/, A/) to V{Q, Ac). 

Recall that Vn and V^^ are defined with specific choice of extensions according to 
Theorem of Good Choices |AJSl 13.4]. 

Lemma: Let X G and P G Rf with P t ^ > A. Lete^{X) G Ext^^^ ^{Z^^{X), Z^^{P ^ 
A)) and ej(A) G Ext;*,, aI3\{Zi a W^^ia (/^ t A)) chosen according to Theorem of Good 
Choices. Let Y^^{X) G C{Q,Aq) (resp. F/^^(A) G C(r2/,y4^)j 6e t/ie module representing 
e^(A) rres;^. e^(A);. T/^en y^^^/A) = y^^JA)„ and Dist(Gi) ®Dist(p+) ^£a, (A) 

^& = >:fjA). 
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Proof: Write A = u;i • A+ + p7i = W2 • Xj + P72 with wi e W, W2 ^ Wj, 71 G Zi?, 
72 G Zi?/. By [AJSl 13.25] we may assume \f = W2^wi • X'^. Then for each a G i?/ 

(1) {w2^Wi)^'^a = w^^W2a > 0, 
and hence 

(2) w^^a > iff w^^a > 0. 

Recall from [XJSl 13.2.5] that e^(A) = 6^(A)e^(A), and thus e^(A) = 6?(A)e?_o(A) 
likewise with the RHS's specified as follows. By [AJSi 13.2.3, 4] 



(3) b^iX) 



-/3 



^!^i.A+,-p^(^i*^^'-P'^/3)^/3 else 



with = JJ^ h^^^'°''^\ where Wjb G such that G /, and thus 



(4) 6? (A) 



-/3 



di{w2» Xf,-pi,Si3)hi3 else 



with = JJ^ h^^^'°'^\ By (2) the two cases in (3) and (4) agree, and k{(3) = 

/^/(/S). By [AJS. 12.12.5] 

aeR+ a£R+\{l3} 

with a(z/) = < lor each z/ G A |AJb[ A. 1.1], and thus 

I else 

^ _ ■J~|' ^_j^^(-pj-«)2»A^,a^>5:(-P7--!«2»A]^) ^_j^'|(-pj-'!«2»A]^,a^) 

aeiJ+ aeiJ+\{/3} 
*/3°<0 S/3a<0,«)^^Q>0 

One has —p—wi»X'^ = —p—wi»{w2^wi)~^»Xj' = —pp—pi—W2»X^. If a G i?"*" with s^a < 
0, a G -R/, and hence {—p — wi • A'*', a^) = {—pp — pi — • A/, a^) = {—pi — W2 • A/, a^) 
anda(-p-w;i.A+) = a(-p,-^2«A+). Thus = By ^ 13.2.2] 

\+ N TT wi • A+ + p] 

s^a<0,uij"^a<0 

dl{W2» Xj,-pi,Sf3) = [[ . 
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By (2) again the products run over the same subset of R}. By [AJSI 13.1.4] 

[K; wi*X+ + p] = [H^ + {wi • A+ + p, a''))H-^K 

with (u;i«A++p, a^) = {wi»{w2^WiY^ •Xf + p, a^) = {w2»Xf+p,a'^) = {w2»Xj+pi,a'^), 
and hence d{wi • A"*", —p, s^) = dj{w2 • \f, —pi, and &^(A) = ^/(A). 

We compare next eo(A) and ejQ(A). Take a; G A in the upper closure of the facet A 
belongs to with respect to (s^^^ | r G Z). By [AJS, 12.13.1] 



(5) A]eg(A) = eld{u, A, sp)h/ + 

tl^lu, A]e^o(A) = el^ Jiiu, A, sp)h-^ + A^^. 

By definition [AJS| 12.12.5] again 



(6) el = n (-i)<-^-^)-(-^) n (-1)^^-^'"^^ = 

By definition jXJSl A.7.1 and A.2.1] 

It follows in (5) that eld{u, X, sp)h^^ = e^^^^diiu, X, sp)h'^^ . By [AJSl 12.12.1] 
t^[u, A] = t[a;, A, oaJ, t/^ol^' ^] = ^^[^' 

with 



(7) OAo; = aL^A^ 



/3 



by A.12] 



= ^?,A,c. by (6) 

— n' c-'^ — /7 

— "7',A,w^/,A,a; ~ "/,A,a;- 

We have t[a;, A, oao;] = t[uj,X,e,e] by [AJSj 12.8.2] with e G -E<^_a \ 0, E a simple G- 
module of extremal weight a; — A |AJSt 11.1], and with e = axi^{—l)"'E^^e G -Es^((^_a) \ 0, 



(A + p,/3^) = p-n modp, n G]0,p[, by [Xjgl 12.3.1]. Recall from ^KM 12.6] the 
definition of A, e, e] : ExtJ(^_^,)(Z^JA), f A)) ^ H^'A^A^^ = h-^'A^JA^ 

Let ^ G Ext^j,^ ^^i^(Z^^(A), -^^qI/? t A)) represented by a short exact sequence 
(8) ^ t A) A M 4 Z^JA) -> 0. 



As = 0, there is f G C(^], AJ)(Z^^(A), M) with j o j' = H/sid^p Apply the 



translation functor to (8) to obtain a spht exact sequence 

^ T^Z^J/? t A) ^ T^^M ^ Tj^^^JA) ^ 0. 
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Let i' G C{Af;){T^Z^JX),T^M) with i' o T^j = id^^^^^ Recall from [XJSl 11.2.1] 

isomorphisms fe : ^^g(^) ^ T^Z^^{X) = pi{E O ^^^(A)) via 1 O 1 f-^ pr(e (g) 1 O 1) 
and /e- : Z^^Ju) ^ T-Z^^(/3 t A) = pr(E ® t A)) via 1 ® 1 ^ pr(e ® 1 ® 1). If 

a G with /^""^ o z' o T^j' o /g = aid^s , then t[u, A, e, e],^ = aH7^ + Aq. Now recall 

the Lj-submodule ii^' of E from (2.2) and choose ei = e E E' and e/ = e G £" to define 
t,[a;,A,e,,e,] : ExtJ(^^^^,^(Zf^^^(A), t A)) ^ i^^-^A^M? = likewise. 

As we have natural isomorphisms from (2.2) or rather from its r-dual 

Dist(Gi) ®Dist(P+) ^f,A,(A) ^ ^i(A), 

Dist(Gi) Zf,^^(/3 t A) ^ ^i(/3 t A), 

Dist(Gi) ®oi.t(P+) ^7^A^f,A,(A) =^ T^Z^JA), 

Dist(Gi) ®Dist(P+) ^rA^f,A,(/3 t A) ®A, A% ^ nz^^ifi t A), 
the commutative diagram 

follows. More precisely, if F4^(A) (resp. 5^/^^^ (A)) is the module representing e^{X) (resp. 

(A)), then Dist(Gi) ®Dist(P+) ^^^.(A) = FfjA) with ^/^^^(A) 4 = JA)„ 

by (3.4). 

(3.6) We are now ready to show 

Theorem: There is a functorial isomorphism from V{Qj, Aj) to V{Q, Aq) 

Proof: For each X G V{n, Aq) and M G V{nj, Ai) 

C(fi, Ag)(X, Vp,aJM)) ^ C(fi, Ag)(X, (Dist(Gi) ®Dist(p+) ^")' ^g) 
^ C(fi, Ac)(X, {Dist(Gi) ®Dist(P+) Aa)^}^) 
~C(^],AG)(Dist(G'l)®Di.t{p+)(^®A,AG)^Xn by 4.5.5] 
~Ci,(AG)((M AG)^AnnxKDist+(t/+(ti;,)))), 

with 

Annx.(Dist+(f/+(^,))) = {/ G Mod^ JX, A^) | = x/ = /(r(a;)?) Vx G Dist+(f/+(w,))} 

~ {X/T{Dist+{U^{wj)))XY 
= {X/(Dist+(f/i(^,))X)r = (X„)^ 
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Thus 

(1) C(fi, Ag){X, Vp,aAM)) ^ C{Qi, AG)m AgY, (x^y) 

C^C{nj,AG){Xn,M®A, Ag). 

It follows for each A G ^2 that 

{Vn o Vp,^J(M)(A) = C(fi,4)(Z^A), Vp,A,(M)0) 
^C(fi,,A^)(Z,^^«^(A),M0 ^A, 4) 
^ C(fi,, A?)(Z,%^(A),M^) Al by [XJSl 3.2] 

Vn,(M)(A)®A, ifAefi/ 
else 

= (XoVnJ(M)(A). 

Assume A G fi/. If /3 G i?/, 

(Vf,oVp,Aj(M)(A,/3) = C{n,A^^)iY^JX),Vp,AAM)^) 

~ A^)(y/;^/A), M'^) likewise by (3.5) 

^ Vn,(M)(A,/3) 4 = (Jo VnJ(M)(A,/3). 

If /3 G i?+ \ 

(VnoVp,Aj(M)(A,/3) = C((^,4)(FfjA), Vp,^,(M)^) 
^ C(f],,4)((M^ 4)^ (Ft(A)„)-) 

^ C{nj, 4)((M^ 4)^ (Z,%^(A) ^A, 4)0 as 4 ^ 4 4 

in this case, and hence Ff^(A)„ ~ (^/%,(A) © t A)) 4 

^C(^],,4)(Z,%^(A),M0)®^, 4 
= VnAM){X) ^Ar A^G = (Xo VnJ(M)(A,/3). 

If A G \ fi/ and if /3 G -R+ \ -R| with /3 t A G fi/, we have likewise 

{Vn o Vp,aJ(M)(A, /3) ~ Vn,(M)(/3 t A) ®a, Af. = {I o VnJ(M)(A, 
If A G \ and if /3 t A ^ ^i, 

(VooVp,aJ(M)(A,/3) = = (XoVf,J(M)(A,/3). 

(3.7) Define finally a functor X : /C(f2/, Sj^k) — ^ /C(fi, S't) just like X as follows: for each 
M G /C(fi/, Aj) and A G set 



(i(M))(A) 



|A^(A)®5,,^f ifAG^], 
1 else, 
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and for each f3 G R'^ set 



iX{M)){\, (3) = { 



'M(A, f3) ®5,,, if A G Qi and f3 e Rj 

M{X)®Sj,uS^ if A G fi/ and /3 ^ i?+ 

t A) ®5,., if /3 t A G fi/ and /3 ^ i?+ 

else. 



From [AJSt 14.10] one has, in particular, for each A G fi/ 

(1) i{z-i)^zr. 

Let Qi^Ai = ®weWjQiAii^ • A/) G C(f2/,A/) with Qi,Ai{w • A+) the lift of the 
projective cover of L^{wX^) for Lj over Aj. Let P/ be a graded S/^k-form of Vnj{Qi^Ai)- 

Lemma: One has an isomorphism in }C{Q, Aq) 

X{Vi) Ag - X{VnAQi,Ai)) - o Vp,aAQiAi)- 

Proof: The first isomorphism follows from the definition that Vi ®Sit — Vni{Qi,Ai)i 
and the second from (3.6). 

(3.8) Let E^^ = /C(^]/,5/,k)«(P7,P/)°P, which is a {Yi x Z)-graded 5/,k-algebra of finite 
type, responsible for the structure of (F/ x Z)-graded k-algebra on Eq^^j^ ~ Eq^ ^Sik ^■ 
Now set J = }C{fl, Sts,Y(V,X(Vi)), which comes equipped with a structure of {Y x Z)- 
graded left Eq and (Yj x Z)-graded right E'^^j-bimodule. If Jk = J k, it is thus a 
(y X Z)-graded left En,k and {Yj x Z)-graded right E'nj^k-bimodule. 

Corollary: The parabolic induction functor Vp is Tj-graded by the bimodule Jt in such 
a way 



Ck(fi/) - 
L/,iTMod 
PiTMod - 



■Ck(n) 



GiTMod 



that for each A G fi/ there is an isomorphism in Ct{^) 

A V,,k(A) ^ Vm(A)(5(A) - 5,(A)). 



Proof: The commutativity of the diagram follows from (3.2) by the isomorphism of left 
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En^k and right En^^k-bimodules 

- IC{Q,AG)KMQAa),MVi) Ag)) ^Aa ^ by [XJSl 18.9.3] 
-IC{Q,AGf{Vn{QAa),ynoVp,AAQi,Ai))^Aa^ by (3.7) 
~ Cin, AG)\QAa, Vp,a,(Q/,aJ) ®Aa ^ by [SJSl 18.9.5/6] 
~ Ct{nf{QAa ^Aa K Vp,aAQi,Ai) ^Aa k) by [XjSl 3.3] 
^Cu{nY{Q,Vp{Qi)) from (3.3.3). 

Also, 

^ {J^En, V,,5,..(A)) ®5,, k = {}C{Q,Sk)KV,M'Pl)) ^En, V,,5,,,(A)} k 

= {K:{Q,St)Kv,i{Vi)) ^En, mj,Si,k)K'Pi,zTi{-Siix)))} ®s,,, k 

= K:{n, 5k)^(P,Xn(^]^i(-5/(A))) k by the five lemma 

= K:in,Sk)Kr,z^"{-6iix)))^s,^ by (3.7.1) 

= V5,(A)(5(A) - 6j{X)) k = Vk(A)(5(A) - 5,(A)). 

4° Rigidity 

Keep the notations of §3. We will show that all Vp(I/^(A)) for p-regular A G A are 
Z-graded. Assuming Lusztig's conjecture on the irreducible character formulae for GiT- 
modules |L80j / p<at] . [AJSj has shown that the endomorphism algebra of a projective 
F-generator for the block of A is Koszul. We show that the rigidity of V p{L^{X)) follows 
from a result of |BGSj . The Lusztig conjecture is now a theorem for large p thanks to 
[A JS] . |KL] . [KTj . |L94j and more recently [F]. We will also find the Loewy length of 
Vp{L^{X)) for a p- regular A G A to be uniformly i{w^) + 1. 

Thus fix a p-regular weight A and put Q = Wp • X. For M G Ck(^7) we let [M : L{fi)], 
fi E Q, denote the multiplicity of simple L{fi) among the Cik(fi)-composition factors of M. 

(4.1) Let us first recall the construction of -Lk(A), which is a slight simplication over the one 
in [AJSl 18.12]. As .^k(A) has a simple head in i^j^ tmodgry by the categorical equivalence 
V, the radical TadE^^modgry^kiX) of .^k(A) in the category EQ^modgry is maximal. But 
rad^n kmodgry^k(A) belongs to Ck{fl) by |AJS[ E.ll], and hence coincides with the radical 
radc^(j^)Zk(A) of Zk(A) in the category of Ck((]). We set Lk(A) = Zk(A)/radj|^(j^)Zk(A). 
Then vL^iX) = Q Oe^^,^ Lk(A) ~ {Q Oe^^ Zk(A)}/{Q ®En,u radg^ ,modgry ^k(A)} ^ 
Zk(A)/radc^(n)^k(A) ~ L(A). In turn, Lk(A) ~ Hn,kL{X) in E^^kmodgry while ifn,k-^^(A) = 

Ck{^)KQi -^(A)) — Ck(f2)((5k(A), L(X)) as Qk{X) is the projective cover of L(X), and hence 
Lk{X) is of dimension 1. 

By the equivalence v the I/k(A), A G fi, exhaust the simple objects of i^n^tmodgry. If 
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L is a simple object of Ck(i^), then 

7^ -Ef^^ikmodgry (I/, -^^(A)) for some A G 
= 0Ef,,kmodgry(L,Lk(A)), = L,(A)(-z)), 

and hence Ct{^){L, Lj^{X){i)) ^ for some i, Then L ~ Lk(A)(i) in by their 

simphcity. Such A and i are unique by |AJSl 18.8]. Thus we have obtained the first 2 
parts of 

Proposition: (i) Each L^(X), X ^ Q, is 1- dimensional. 

(a) Each simple object of Ct{Q) is isomorphic to some L{X){i)^ for unique X E Q and 
2 G Z. Any simple object o/ i?n,kmodgry is isomorphic to some L{X) for unique A G 

(Hi) If M E Ctj^{Q), the radical (resp. socle) series of M in -En.kmodgry and in (^^(fi) 
coincide. 

Proof: (iii) We show first that each radical layer rad'^;^ |^j„„dgry^/^^ad^^i^j„odgry^ 
mains semisimple in C\{VL). As it inherits the structure of Ck(f2) from M by [AJSt E.ll], 
we may assume M is semisimple in ii^Q kinodgry. If L is a simple component of M in 
ii^n,kmodgry, as L is 1-dimensional by (i), each (-En,k)yx{i}; ^ 7^ annihilates L while 
each element of (-En,k)yx{o} is acting by a scalar, and hence M is semisimple also in 
Cij(f2); each Z- homogeneous component Mj of M must be i^f^ t- stable. On the other 
hand, each radj^^j^^M/rad*j^^^j^^M is semisimple in i^^ tmodgry as each simple component 

is 1-dimensional by (i) again. It now follows that the radical series of M in ii^Q tmodgry 
and CfX^) coincide. 

The socle version of [AJSt E.ll] holds, and hence also the assertion about the socle 
series of M. 

(4.2) Assume now Lusztig's conjecture on the irreducible characters of GiT-modules. 
Then Eq^^ is Koszul with respect to its Z-gradation thanks to |AJSt 18.17]. In particular, 
E^^t is positively graded: E^.k = with (^n,ik)o = Yl^^w'^'^^^ ^"^^ generated 

by (-Z?n,k)i over k by [BGS, Props. 2.1.3 and 2.3.1], where vr^ : ]\^(,wQk{,x • A+) 
Q\{w • A^) is the projection. Let E'f^^kmodgr^ denote the category of finite dimensional 
Z-graded .Ef^^k-modules. 

Proposition: Assume the Lusztig conjecture. 

(i) Each L^{X), X E Q, is homogeneous of degree with respect to the Z-grading. In 
particular, each Lk{w • A"*"), w G W , is isomorphic to kvr^ in i^j^ tmodgrg. 

(a) Each simple object of E^^^modgr^ is isomorphic to some Lt{w X'^){i) for unique 
w E W and i G Z. 

(iii) If M E Ck(fi), the radical (resp. socle) series of M in i^^^kmodgrg and in Ck{Q) 
coincide. 
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Proof: (i) Recall from (4.1) that the Z-grading on Eq^^ arises from that of Eq. Thus 
kn^ = k^TTyu (g) 1) if vr^ : Hxgvk * -^^) ~^ Qi"^ * projection. But 

^(fi,Sk)H0Q(a;«A+),Q(wA+)) 

= 000/C(fi,5t)(Q(x.A+)[7],Q(u;.A+)), by definition iAJSl E.l, E.3] 

= 00 ^(^' • A+)[7], Qiw • A+)) by E.l] 

- ^(^' Su)iQ{x . A+ + 7), • A+)) by ISHl 17.6/18.5] 

with ]C{n,Su)mx . A+ + 7), Q{w . A+)) = e,>o/C(n,5k)(Q(a; • A+ + 7), Qiw . A+)), 
unless x«A+ + 7 = w«A+ while /C(fi, S'k)(Q(w • A+), Q{w • A+))o = >S'kidg(^^„A+) |AJSt 
17.9]. On the other hand, 

Zt{w . A+ + 7) = JC{n, ^k)H0 Q{x . A+), Z^.A++^(-5(w; • A+ + 7))) k 

by definition jXJSl 18.10.1 and 18.12] 
,A++7(— 5(w • A^ + 7))) k as above. 

Each }C{Q, S'k)(Q(x«A++z/), Z^,a++7(— 5(w»A"^+7))) is a direct summand of /C(fi, St){Q{x» 
A+ + Z/), Q(w«A+ + 7)) by [ XJSl 15.10 and 17.6.1/18.9.c], and hence /C((], ^k)(Q(x« A+ + 
t^),2^„x++^{-S{w\+ + 'j))) = /C(l], S'k)(Q(x«A+ + t^)^^,A++T,(-5(w«A+ + 7)))>o unless 
X • A+ + z/ = w • A+ + 7, i.e., X = w and z/ = 7, by [AJSl 17.9] again while 

JCiQ, S^){Q{w . A+ + 7), Z^.x++^,{-6{w • A+ + 7)))o 

^ IC{Q, 5k)(^;.A++7(2|i?+| - • A+ + 7)), Z^,x++^{-S{w . A+ + 7)))o 

by [XJS| 15.10 and 17.6.2] 

^(5-00 by [XJSl 15.10.2]. 

Thus the epi Z^^^w • A"*" + 'y)/Zk{w • A"*' + 7)>o — > L^^iw • A+ + 7) is an isomorphism 
of -E^^ikmodgrg by dimension, and hence Lk{w • A"*" + 7) is of degree 0. In particular, 
L^{w • A+) ~ k(7ru, (g) 1). 

(ii) Let L be a simple object of E'n.kmodgrg. As {Efi^j^)^QL = 0, L is a (-E'Q^ii5)o-module. 
Then L is by its simplicity isomorphic to some k7r^(z), w G W, i G Z. 

(iii) now follows from (ii) just like (4.1.iii), applying |AJSl E.ll] to the pair (Y x Z, Z) 
in place of {Y x Z,Y). 

(4.3) We are now to obtain from [BGSt Prop. 2.4.1] the rigidity of Vp{L^{X)), as well as 
V(A) and Q(A) = Qk(A) for each A G f2 demonstrated first in [AKj by a different method 
using Vogan's version of the Lusztig conjecture. 

Lemma: Assume the Lusztig conjecture on the irreducible characters of GiT -modules. 
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Let M G Ck(fi). If M has a simple socle and a simple head as an object of Efi j^modgry, 
then M is rigid in En^modgry ■ 

Proof: By the hypothesis M has a simple socle and a simple head in (ii^Q ik)modgr2 
by (4.1) and (4.2). If hdsntmodgrgM (resp. soc^j^^ ^modgr^M) is concentrated in degree j 
(resp. k), from pGSl Prop'.2.4.1] 

T^^(^EnM^odgr^M = M>i+j and soc*^^ ^^^dgr^^ = ^>fc-i+i Vi. 

Thus M>fc„i+i = soc^E^^^^^dgr^^ > rad^n^^'odgr^^ = M>uiM)~-i+j, and hence k-i + 
1 < U{M) - i + J. As the equality holds for i = 0, A; + 1 = U{M) + j. Then Vi, 
k-i + l< U{M) - i+3 = ii{M) -i + k + 1- ii{M) = k-i + 1, and hence 

SOc's^ .^odgry^ = SOC^^^^^^dgr,^ = M>u{M)+j-i = "^^^^l^^^oA^r^M = rad^^'^" ^gr^ ^• 

(4.4) Recalling from (1.4) that each Vp(I/^(A)) has a simple socle and a simple head 
yields 

Theorem: Assume the Lusztig conjecture. Each Vp(I/^(A)) f or p -regular A is rigid. 

(4.5) To determine eventually the Loewy series of Vp(L^(A)), we have to compute its 
Loewy length. As ££(Vp(L^(A))) = ££(""' Vp(L^(A))), we will compute ££(""' Vp(L^(A))). 

Lemma: hdGir("''Vp(L^(A))) = L{w^ • X) ® -p{w^ • 0). 

Proof: We may assume A^ = 0. By (1.4) 

hdG,T("'Vp(L^(A))) = "''hdG,T(Vp(L^(A))) 

= ^'{L{w' . A) ® p(-2pp + woii-wj) . \Y - ii-wi) . 

= -'{L{{w' . A)°) ® p{{w' . A)° - 2pp + woii-wj) . X)' - {{-wj) . A)i))} 

= L{{w' • A)°) ® pw'{{w' • A)° - 2pp + woii-wi) • X)' - ((-«;/) • A)^} 

while L{w^ • X) ^ —p{w^ • 0) = L{{w^ • A)°) ® p{{w^ • Xy — [w^ • 0)}. Thus we are to 
show 

(1) {w^ • A)^ - {w^ • 0) = w^{{w^ • Xf - 2pp + wo{{-wi) • Xy - {{-wj) • A)^}. 

Write • A = /i° + p/i"*^ with p° G Ap and p^ G A. Thus /i° is p-regular. As • A = 
u!o • (/i° + p/i^) = Wo • p° + pwofi^, {w^ • xy = wofi^ — p. Likewise, as {—wj) • A = 
(-1) • (/ + ppi) = (-1) • / - pfi\ {{-wi) • xy = -fi^ - p. It follows that the LHS of 
(1) is equal by (1.1) to 

wqP^ - p- wqWi • = wqp^ - P - {wqWip - p) = wop^ - p - wo2pp = wo{p^ + p - 2pp) 

while the RHS of (1) is equal to 

w^{wop^ - p- 2pp + wo{-p^ - p) - (-P^ - p)} = w\-2pp + p^ + p) 
= wq{wip^ + wip — 2pp) as Wi2pp = 2pp . 
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Thus we are left to verify that /x^ + p = wi{ij} + p), for which we have only to check 
(p^ + p, a^) = 0^ael. But 

]0, p[+p{fi^ + p,a) 3 (p" + p,a) + p{p^ + p, a) as p" is p-regular 

= (p° + pp^ +PP + p, a^) = {wi • X+PP + p, a^) = (A + p, w/a^) + p 
E —]0,p[+p as Wja G — / 

and hence (p^ + p, a^) = 0, as desired. 

(4.6) Recall from (1.6.3) that '"'Vp(L^(A)) < V^i{{w^ • \){w^)) ® -p{w^ •0). Recall also 
from |AKj an intertwining homomorphism (p^ G GiTMod(V^((w«A)(w)), V(w»A))\0 for 
eachw G H^, which is unique up to k^. As 1 = [V{w^»X) : L(w-'^«A)] = [V^/((tu^«A)(w^)) : 
I/(w^ • A)] by [AKl 1.2.3], one obtains from (4.5) a commutative diagram of GiT-modules 

(1) ^yji{{w^ • A) {w^)) ® -p{w^ • 0) v(w^ • A) ® -p{w^ • 0) 

'"'Vp(L^(A)) L{w^ • A) (g) -p(w^ • 0). 

As 0^i(soc^("'')V^/((w^ • X){w^))) = [XK], we must have 

(2) ££(»'Vp(L^(A))) > £(t/70 + 1- 

On the other hand, there is another intertwining homomorphism G GiTMod(V^o((w^» 
A)K)),V^^((^'«A)(^0))\0. As 

Mg,tV^,{{w^ • A)(w;o)) ® ~p{w^ • 0) 

= hdGiTA(w^ • A) -p(w^ • 0) by [Ml 1.2] 
= L{w' • A) ® -piw' • 0) = hdGir("'Vp(L^(A))), 

one obtains as in (1) another commutative diagram 

(3) V^,{{w' •\){wo))®-p{w' •O) 




V^i{{w^ • \){w^)) ® -p{w^ • 0). 

with (j)'^i{soc^^'^'^^~^^'^'^V yj^^{{w^ • X){w{)))) = 0. Assuming the Lusztig conjecture we have 
ii{Vy,oi{w^ • A)(wo))) = ^(wo) + 1. It follows that 

££("''Vp(L^(A))) < i{wo) + 1 - {e{wo) - i{w')} = i{w') + 1. 
Thus, together with (2), we have obtained 
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Theorem: Assume the Lusztig conjecture. For any p-regular A G A 

££(Vp(L^(A))) = £iw') + 1. 



(4.7) Remark: This is a generalization of [KYI 1.4] and |K09] . where we found for G of 
rank at most 2 or in case G = G'L,„_|_i(k) with P a maximal parabolic such that G/P c^F^ 
for any n eN that ££(Vp(A)) = £{w^) + 1 for ]9-regular X e Ap. In fact, for G/P ~ P" we 
computed ££(Vp(A)) for any A G Ap in |K09t 2.3] dispensing with the Lusztig conjecture. 

(4.8) Recall that Zk(A)/Zk(A)>o ~ Lk{X) ~ hd^^^ ^niodgrz^k(A) for each X e Q. It follows 
that the Z-gradation on Z^{X) is such that for each j G N 



Zt{X)>j = rad],^^^„dgr,^k(A) = rad],^^^„dgry^k(^) 

= SOC^^^^„dgr,^k(A) = SOC^En,lmodsr^M^), 

and hence 



soc 



More generally, 



Proposition: Assume the Lusztig conjecture. The Z-gradation on each Z^{X), X & Q, 
w G W , is such that for each z G N 

radc,(n)^r(^(«^)) = TadG.T^wwoiMwwo))) = t;(Z^(A)>_^(^)+i) 

= soc[J("'f|^^"'Z^(A(w)) = soc^^^+^"'V^»,(A(wwo)). 

Thus V/i G fi, 

[radc,(n).^r(A(«^)) : Hf,)] = K(A) : L,(/i) (-£(«;)+ z)] 

= [socc,(n),|/?+|+i-i^r(A(w)) : ^(^)], 

where the middle term is the multiplicity of simple Lk{fj,){—i{w) + i) in Z^{X) considered 
as objects o/ E^^kmodgr^. 

Proof: One has from jXJSl 15.3.2] 

k = Ck(n)(Z,"'(A(w)), Zk(A)) = C^{n){Z^{X), Z^{X){-2£{w))). 
Let j G Z minimal such that (A)^ ^ 0, so Z^{X)>j/ Z^{X)>j = MEa^umodgr^Z^ W = 

kmodgry 

Z^{X) = Hn,k{'cadct,(n),oZ^{X{w))), which is sent to 

ZkW > j +2e{u,) / Zt{X)yj +2e(w) = (^k(A)(-2£(t(;)))>j/(Zk(A)(-2£(ty)))>j 
= -f^n,k(radc^(f7)/(^)^k(A)) 
= Zk(A)>£(^„)/Zk(A)>£(^) by above. 

Thus j = -i{w). As £^(Z^(A(w))) = + 1, the assertion follows. 
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(4.9) Untwisting of (4.6.3) reads 

(1) Z-'-\\{w,w,)) 



yp(L^(A)) 



^r(AK))). 

Thus one obtains a commutative diagram in tmodgry 
(2) Hu,^Zl'^\\{wiw,)) 




Recall that C}g,{fl){Z^''^° {X{wjWo)), Z^° {X{wq))) is 1-dimensional. On the other hand, each 
Z^{X{w)), w eW, admits a graded object Z^{X) e Ctifl) such that vZ^{X) ~ Z^{X{w)). 
It follows that 

En,kinodgrY{Hn,uZ^''"'iX{wjWo)),Hn,kZ^°{X{wo))) 
= En,^inodgry{Z^'^%X),Z^%X)) 

= 0En,kmodgry(4™(A),Z-o(A)), = 04(fi)(4™(A), Z-o(A)(-z)) 

= 4(J^)(4™(A),l-°(A)(-j)) 

for some single j G Z by dimension; in fact, j = by [AJSl 15.3.2]. Then, taking 
ri e Ct{n){Z^''"%X),Z^'>iX)) \ 0, im(r/) G Ck(fi) with viim{ri)) = Vp(L^(A)). This gives 
another proof that Vp(I/^(A)) is Z-graded, and hence is rigid. 

Corollary: Assume the Lusztig conjecture. The Z-gradation on im{7]) is such that for 
each i 



t;((im(r/))>_,) = radg;"p-Vp(L^(A)) = soc^+/^Vp(L^(A)) 



Proof: As 



socgitVp(L^(A)) = socG,T^"'"(A(w;o)) by (1) 
= v{Z''"%X{wo))o) by (4.8), 

v{im{ri)Q) = socGirVp(I/^(A)), and hence the assertion. 



5° The Loewy series 
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Keep the notations of §4. In this section we derive a formula to describe the socle 
series of V p{L^{X)). We continue to assume the Lusztig conjecture. 

(5.1) Let us first recall from [AK] or from |AJSt 18.19] a formula for the socle series of 
V(A): 

(1) g^'^ = ^g'^lsoc.+iVlA) : 

j 

where d(/i, A) = d{A, C) is the distance from alcove A containing /i to alcove C containing 
A and Q^'^ = Q^'*" is a periodic inverse Kazhdan-Lusztig polynomial defined in |L80] . 

On the other hand, the Lusztig conjecture for the L/ iT-modules asserts 

(2) chL^(A)= Yl (-l)'^^^''^i'iA(l)chV^(/i), 

where d/(/i, A) is the distance from alcove A containing /i to alcove C containing A with 
respect to Wj^p and P^;^ = Pj^ c Kato's periodic Kazhdan-Lusztig polynomial for Wj^p 
|Kat j . We will prove a formula 

(3) 5:g^[soc,+iVp(L^(A)):L(^)]= Q'^' {-^Y'''^'' P^- 

The formula reduces to (1) in case / = 0, i.e., when P is a Borel subgroup. It also holds 

for P = G by the inversion formula <5'''''(-1)'^^'''^^^^,a = |L8Q1 11.10]/|KMI P- 
129]. 

(5.2) Let us write Vk(A) = Z|^"(A) for each \ E Q. Then the formula (5.1.1) reads by 
(4.8) with = t 

(1) Q'^\t') = 5^t<^('^'^)-^-[Vt(A) : LMH)]- 

j 

If we write Q^'^{t) = ^jQj'^ti with Qj" G Z, the formula (1) reads in the Grothendieck 
group of En,kmodgv^ 

(2) [V.(A)] = $^$^g^,,,)_,[4(/i)(-j)], 

inverting which reads, if we write P^,x{t) = Xljez -^Mj*^^' 

(3) [4(A)] = EE(-l)'^'''^Wd(M)[V.(/i)(j)]. 

We now verify the formula (5.1.3). 

Theorem: Assume the Lusztig conjecture. If X is a p-regular weight, the Loewy series 
of V p{L^{\)) is given by 

5^g'^[soc,+iVp(L^(A)):L(/i)]= ^1 Q'^'^(-1)'^^^''^^J,a V/i G A. 
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{ly,tJ.)+5{\)-5I{X)-5{^J.)+5J{^l)-^-j 



Proof: Put Vp = Ju^Eq k? from (3.8) for simplicity. In the Grothendieck group of 
C^{Qj) the formula (3) reads [L,,,(A)] = Eiez,^eJ-l)'^^'^''^^i,i+d,(^,A)[V/,k(/i)(j)]. Put 

nx = 5(A) — 6i{X), so Vp(V/,k(A)) ~ Vk(A)(nA) by (3.8). As Vp is exact, so is Vp by 
(3.8) also. Then 

[Vp(L,,,(A))] = $^(-l)^^(^'^)Pi,+d,{.,A)[Vp(V,,.(^))(j)] 

= E(-i)''^'''^^i,,+d,(.,A)[v.(/x)K + j)] 

IJ,,j k,v 

Recall now im(r/) from j;4.9). As L/,k(A) <^V/,k(A), Vp(L/,k(A)) < Vp(V/,k(A)) - 
Vk(A)(r2A). As im(r7) < Vk(A), it follows that Vp(L/_k(A)) ~ im{r]){nx). Thus 

[soc,+iVp(L^(A)) : L{u)] = [im{7]) : 4(^/)(-?)] by (4.9) 

= [Vp(L,,,(A))(-n,) : LMH)] = [Vp(L,,k(A)) : 4(z/)(n, - t)] 

I J- J VA,i+d/(M,A)Vd(^ 
= y^(~l)'^^''^'^''-PMA.7+df(/.,A)QX 

and hence 

Et'^^^''^-isoc,^iVp(L^(A)) : L{u)] = E^'^"'^"T(-l)'^^'''^^i,^df,A)-.-, 

i i fi,j 

= E E(-i)'^^"'^^MA.^^'^dr..A)-.-/'^^''^-^-^' 

= EE(-i)'^^"'^^MVE^rt' 

Mi k 

= E(-i)''^'''^^iA(i')Q'^''^(^'), 

as desired. 

(5.3) Given a simple GiT-module, the formula (5.1.3) is not necessarily accessible to 
locate a simple factor in the Loewy layers of Vp(I/^(A)). The following are particularly 
important factors in the study of the Frobenius direct image of the structure sheaf of G/P 
[HERj . pry] . Let = {w e W \ i{ww') = i{w) + i{w') Ww' e Wi}, which forms a 
complete set of representatives of W/Wj. 



(u,\)-di{n,\)-i-j 
■,A)-j-i' 
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Proposition: Assume the Lusztig conjecture. Let X E A be p-regular. If w E , 
L{{w • A)°) ^ p{w^^ • {w • XY) appears in the {i{w) + l)-st socle layer ofV p{L^ {X)) . 

Proof: In the commutative diagram (4.6.1) put = (p^i. Write = Si^Si.^ . . . Si^ 
in a reduced expression with m = £{w^), and put i/r = Sj^s^g • • • for r < m. Then 
y-^w^ = Si^^^ ...Si^ e W^. Recall from |M] that 0^/ : W^i{{w^ • X){w^)) ^V{w^ • X) 
is the composite 

V^.((^^ . A)(^^)) = V,^...,J(^^ . A)(., . . . H 
V.^^{{w'.X){s.,))^Viw'.X). 



Put L = socV y^.{{w^ • X){yr)) ® —p{w^ • 0) and 0^ = {(0r+i o ■ ■ ■ o 0„) (g) —p{w^ • 
0)}U^Vp(L^{A))- 7^ ^'^d each 0j annihilates the socle of its domain, we must 

have ££(im0;) = ££(Vp(L^(A))) - (m - r) = r + 1 by (4.6). Then L = soc(im0;) = 
radr(im0^), which is a quotient of i&dr^' V p{L^ {X)) . Thus L lies in radr"'^Vp(L^(A)). 
It follows from the rigidity of V p{L^{X)) that '^'^ -* L appears in its socle layer of level 
££(Vp(L^(A))) - r = l{w^) + l-r = m + l-r = i{y-W) + 1. Recall now from [Ml 
1.2.4] that 

L = L{{y;' . {w' . A))° + p(y, . {y;' • (t/;^ • A))^)) ® -p(w7^ • 0) 
= L{{y;W . A)° + p(y. • iy;W • A)^)) ® -p(u;^ • 0). 

Thus 

^^'^'^L = L{{y;W . Xf) ® p{{w')-\yr • {y;W . A)^ - {w' . 0)}} 
= L{{y;W . Xf)®p{{w')-\^ . (yr^^;^ . A)^} 
= L{{y;W . A)°) ® p{{y;W)-' . (y,:^!/;^ . A)^}. 



Finally, we check that any w G may be realized as y~^w^ as above. Let w G VT^. 
As £{wwi) = i{w) + i{wj), one can write Wq = Sj-^ . . . Sj^wwj with r = i{wo)—i{w)—£{wj). 
Then = WoWi = Sj-^ . . . Sj^w with £{w^) = r + £{w). Thus, putting y^ = Sj^ . . . Sj^ yields 
w = y~^w^ , as desired. 

(5.4) Remark: This is a generalization of |KYt 1.5], |K09] and |K12t 3.5]. In case 
A = we constructed for G of rank at most 2 [KY] or in case G = GLn+i{k) and P 
is maximal parabolic such that G/P ~ P" for any n G N |K09] a Karoubian complete 
strongly exceptional sequence {S^, \ w G W^} for the bounded derived category of coherent 
Cgc/Pc'^^*^^^^^ °f G'iMod(L((w • 0)°), soc^(u,)+iVp(0)), where Gc and Pc are the 
groups over the complex number field corresponding to G and P, respectively. Our (5.3) 
assures at least that GilSAod{L{{w • 0)°), soc£(^)_,_iVp(o)) in general for large p. 
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